Stat 217, Spring 2023 Jiaze Qiu (jiazeqiu@g.harvard.edu)
Section 7: One-step replica symmetry breaking (1RSB)

e Sections: Wed, 7:30-8:30pm (SC 705); OHs: Wed 8:30-9:30pm (SC 316.07).

o All the section materials (handouts & solutions) can be found either on Canvas or here.

In 1RSB, we divide the indices [r] = {1,--- ,r} into k := r/m blocks, each block having m elements. We
fix a partition [r] = U;ﬁflg, |Z;| = m and set
Qaa=1 a€c{0,1,---,r/m}
Qoa=b ac{l,---,r/m}
Quw=q abeTyle {1, ,’I’/m}
Qup = qo  otherwise.

In addition, we partition the matrix and denote by @ as the r x r submatrix corresponding to the indices
{1, 7}

1. Prove the following equality,
Trlog (QlRSB> — log (1 _p? <1, Q*11>) + Trlog(Q) (1)

Hint: use the Schur-complement formula.
Lemma 1. Assume both A and D are square matrices and D~ exists. Then

A B}:[Ip BDl][A—Bch OH I, 0}

M:{CD 0o I, 0 p || plc I,

2. Show that

b2r
Trlog (QlRSB) = log (1 TTr Dot m)qo) +1log (1+ (m —1)g1 + (r —m)qo)

(L= 1)log (1= a4 m (a1 — q0)) + —(m — ) log (1~ ).

r
m


https://www.jiazeqiu.com/stat-217--spring-2023.html

3. Recall that

0y BA N~k BN e L
S(Q)—h;Qo,awL m;%ﬁ 1 a;QmQTrlog(Q) 3)

and 1
\IIIRSB (ba qdo0,41, m) = ll_r:% ;S (QlRSB) : (4)

Based on these definitions, show that

5/\ A 62 K & 1 Qo — b2
1rsB (b, 40, q1,m) () + 4 [ (1 —m)qy qu} + 21— (1—=m)q1 —mqo (5)
1 1-—m
+ 5 log (1= (1 = m)q — mao) — ——log (1 - a1).
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