
Stat 217, Spring 2023 Jiaze Qiu (jiazeqiu@g.harvard.edu)

Section 6: Conditioning and Bolthausen’s Lemma

• Sections: Wed, 7:30-8:30pm (SC 705); OHs: Wed 8:30-9:30pm (SC 316.07).

• All the section materials (handouts & solutions) can be found either on Canvas or here.

1 Bolthausen’s Lemma
Lemma 1. Let Z̃ be an n × n symmetric real matrix with independent entries, such that Z̃ij ∼ N (0, 1)

and Z̃ii ∼ N (0, 2). Let g ∼ N (0, In) ∈ Rn×n, γ ∼ N(0, 2) and b ∈ Rn with ∥b∥2 = 1. Assume they are all
independent. Then

Z := (I − Pb)gb
T + bgT (I − Pb) + γbbT + (I − Pb)Z̃(I − Pb)

is again a symmetric Gaussian matrix and it has the same distribution as Z̃.

1. Prove the lemma above. Hint: WLOG, we can take b = e1.

2. What is the intuition behind this lemma?

https://www.jiazeqiu.com/stat-217--spring-2023.html


2 An iterative construction of AMP
The Bolthausen’s algorithm can be written as

x(t+1) = ft

(
Z√
n
x(t) − αtx

(t−1)

)

with x(0) =
→
0 and x(1) =

→
1 .

1. For t = 2 and t = 3, try to characterize the approximate distribution of x(t) using the lemma above. In
order to cancel out the non-Gaussian part, what αt should we choose?
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