
Stat 217, Spring 2023 Jiaze Qiu (jiazeqiu@g.harvard.edu)

Section 5: Cavity Method for Spiked Matries

• Sections: Wed, 7:30-8:30pm (SC 705); OHs: Wed 8:30-9:30pm (SC 316.07).

• All the section materials (handouts & solutions) can be found either on Canvas or here.

1 Cavity method and message passing
• Notations and parametrizations: µi, µi→j , hi, hi→j .

• Assumptions of the Cavity method

1. Approximate independence among coordinates;
2. bi :=

1
n

∑
l ̸=i v0,l tanh(βhl→i) ≈ b⋆ and qi :=

1
n

∑
l ̸=i tanh

2(βhl→i) ≈ q⋆;
3. If n is large enough, removing one (or any finite number of) coordinates should not change the

system too mcuh.

1. Recall from lectures that, in order to carry out computation of the limiting free energy, we need to
compute

E log
Zn(βn, λn)

Zn(β, λ)
= T1 + T2 + op(1),

for which we have showed in lectures that as n → ∞,

T1 :=
βλ

n2

∑
i<j

E

[∑
σ

µ(σ)σiσj

]
=

βλ

2
b2⋆ + op(1),

and now we will try to “prove”

T2 :=
β

n3/2

∑
i<j

E

[
W̃ij

∑
σ

µ(σ)σiσj

]
=

β2

4
(1− q2⋆) + o(1),

where W̃ij
iid∼ N (0, 1).

https://www.jiazeqiu.com/stat-217--spring-2023.html


2. Recall that we also need to show 1
n2

∑
i<j σiσj under the Gibbs measure µ. Note that since µ is a

random measure, technically speaking, we need to be more careful but this is only a reminder and we
won’t worry it for now. Please try to justify it as best as you can.

3. Can you intuitively convince yourself why message passing is gauranteed to work on trees?
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