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1 Review
Consider a population with each individual producing 𝑘 ≥ 0 new offspring by the end of its lifetime with probability 𝛼𝑘
independently. Let 𝑍𝑛 be the number of individuals of the 𝑛th generation (we usually assume 𝑍0 = 1). This Markov chain
is called a branching process.

• In a branching process, the zero state is an absorbing state and the countably infinite non-zero states are all transient.

• The process is completely described by the offspring distribution 𝛼 = (𝛼0, 𝛼1, …) and the initial state 𝑍0 = 1. Let
𝜇 = ∑∞

𝑘=0 𝑘𝛼𝑘 be the mean of the distribution. We can further classify the branching process accordingly:

– Subcritical: 𝜇 < 1
– Critical: 𝜇 = 1
– Supercritical: 𝜇 > 1

• 𝐸[𝑍𝑛] = 𝜇𝐸[𝑍𝑛−1] = 𝜇𝑛𝑍0 = 𝜇𝑛

• Let 𝜎2 be the variance of the offspring distribution.

𝑉 𝑎𝑟(𝑍𝑛) = {𝑛𝜎2 𝜇 = 1
𝜎2𝜇𝑛−1(𝜇𝑛−1)

𝜇−1 ≈ 𝑐𝜇2𝑛 𝜇 ≠ 1

• Probability Generating Functions (PGFs). For a discrete random variable 𝑋 taking values in {0, 1, …}, the PGF of X
is:

𝐺(𝑠) = 𝐸(𝑠𝑋) =
∞

∑
𝑘=0

𝑠𝑘𝑃(𝑋 = 𝑘)

• Let 𝐺(𝑠) be the PGF of the offspring distribution 𝛼. Then 𝐺𝑍𝑛
(𝑠) = 𝐺𝑍𝑛−1

(𝐺(𝑠)) = 𝐺(𝐺𝑍𝑛−1
(𝑠))

• Extinction Probability Thm

1. Let 𝐺(𝑠) be the PGF of the offspring distribution 𝛼. The probability of eventual extinction is the smallest positive
root of the equation 𝑠 = 𝐺(𝑠).

2. If 𝜇 ≤ 1, that is, in the subcritical and critical cases, the extinction probability is equal to 1.

1

https://www.jiazeqiu.com/stat-171--spring-2021.html


2 Problems
1. Branching process with binomial offspring distribution. In a branching process the number of offspring per
individual has a binomial distribution with parameters (2, 𝑝). Starting with a single individual, calculate:
(a) the extinction probability.
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(b) the probability that the population becomes extinct for the first time in the second generation.
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(c) Suppose that, instead of starting with a single individual, the initial population size is a random variable that is Poisson
distributed with mean 𝜆. Show that, in this case, the extinction probability is given, for 𝑝 > 1/2, by

exp{𝜆(1 − 2𝑝)/𝑝2}.

4



2. Branching process with Poisson offspring distribution. Consider a branching process in which the number of
offspring per individual has a Poisson distribution with mean 𝜆, 𝜆 > 1. Let 𝜋0 denote the probability that, starting with a
single individual, the population eventually becomes extinct. Also, let 𝑎, 𝑎 < 1, be such that

𝑎𝑒−𝑎 = 𝜆𝑒−𝜆.

(a) Show that 𝑎 = 𝜆𝜋0.
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(b) Show that, conditional on eventual extinction, the branching process has the same transition probabilities as the branching
process in which the number of offspring per individual is Poisson with mean 𝑎.
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