
Section 11 (Stat 171)

• TF: Jiaze Qiu

– Email: jiazeqiug.harvard.edu
– Section/OH: Wed 9-12 pm (ET)

• TF: Fernando Vicente

– Email: fernando_vicente@fas.harvard.edu
– Section/OH: Mon 7-9 pm and Thu 8-10 pm (ET)

• Acknowledgement: This handout is partially based on notes created by Lisa Ruan and Christy Huo.

• All the section materials (handouts & solutions) can be found either on Canvas or here.

1 Review - Ito integral
• We can use Riemann sums to study integrated brownian motion:

∫
𝑡

0
𝐵𝑠𝑑𝑠 = ?

• Similarly, we can study integration with respect to brownian motion:

∫
𝑡

0
𝑔(𝑠)𝑑𝐵𝑠 = ?

• Finally, building up to Ito integration, now consider if we tried to integrate some stochastic process with respect to
brownian motion (both integrand and integrator are stochastic processes)

∫
𝑡

0
𝑋𝑠𝑑𝐵𝑠 = ?

• Formally, the Ito integral is defined as

∫
𝑡

0
𝑋𝑠𝑑𝐵𝑠 = lim

𝑛→∞

𝑛
∑
𝑘=1

𝑋𝑡𝑘−1
(𝐵𝑡𝑘 −𝐵𝑡𝑘−1

)

– Requirements
∗ ∫𝑡

0 𝐸 (𝑋2
𝑠) 𝑑𝑠 < ∞

∗ 𝑋𝑡 does not depend on {𝐵𝑠 ∶ 𝑠 > 𝑡} but can depend on previous s {𝐵𝑠 ∶ 𝑠 ≤ 𝑡} (𝑋𝑡 is adapted to brownian
motion)

– Properties
1. For processes (𝑋𝑡)𝑡≥0 and (𝑌𝑡)𝑡≥0, and constants 𝛼, 𝛽,

∫
𝑡

0
(𝛼𝑋𝑠 + 𝛽𝑌𝑠) 𝑑𝐵𝑠 = 𝛼∫

𝑡

0
𝑋𝑠𝑑𝐵𝑠 + 𝛽∫

𝑡

0
𝑌𝑠𝑑𝐵𝑠.

2. For 0 < 𝑟 < 𝑡,
∫

𝑡

0
𝑋𝑠𝑑𝐵𝑠 = ∫

𝑟

0
𝑋𝑠𝑑𝐵𝑠 +∫

𝑡

𝑟
𝑋𝑠𝑑𝐵𝑠.

3. 𝐸 (𝐼𝑡) = 0.
4.

𝐸 (𝐼2𝑡 ) = ∫
𝑡

0
𝐸 (𝑋2

𝑠) 𝑑𝑠

5. (𝐼𝑡)𝑡≥0 is a martingale with respect to Brownian motion.
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2 Practice problems
1. Find the distribution of ∫𝑡

0 𝑒𝑠𝑑𝐵𝑠.

2



2. Let 𝑓 ∶ ℝ → ℝ, 𝑇 > 0 be such that ∫𝑇
0 𝑓2(𝑠)𝑑𝑠 < ∞. Define

𝑀𝑡 = ∫
𝑡

0
𝑓(𝑠)𝑑𝐵𝑠, 0 ≤ 𝑡 ≤ 𝑇

Prove that {𝑀2
𝑡 − ∫𝑡

0 𝑓(𝑠)2𝑑𝑠 ∶ 0 ≤ 𝑡 ≤ 𝑇} is a martingale, with respect to {𝐵𝜏 ∶ 0 ≤ 𝜏 ≤ 𝑇}.
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3. Let {𝐵1
𝑡 ∶ 𝑡 ≥ 0} and {𝐵2

𝑡 ∶ 𝑡 ≥ 0} be two independent Brownian motions. Fix 𝑎 > 0, and let 𝜏 = inf {𝑡 > 0 ∶ 𝐵1
𝑡 = 𝑎}.

Find 𝑃(𝐵2
𝜏 < 𝑎).
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